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7.5 The Growth Curve Model

When nothing is known of the form of (2, it is still possible to estimate it,
if the experiment can be replicated an adequate number of times, i.e., if we
have the model

Y= XB+ €
where X is an m X p matrix, t = 1,2,..., M, E(€;) = o0 and cov(e;) = Q.
Here y,,...,¥y, are independent m dimensional vectors and o2 has been

absorbed in Q.
Let § =M1 M y,ande=M-'3M ¢, Then

y=XPB+e

where E(€) = o0 and cov(y) = cov(€) = M~ 'Q. Hence, the generalized
least squares estimate of 3 is given by

bers = (X'Q7' X)) 1 X'Q 7 1y.

However, (2 is not known. But since E(y, —g) =0, forall t = 1,..., M,
an unbiased estimator of {2 is given by

M
=(M-1)"") (v, - 9)(y. - 9)

Therefore, an estimated generalized least squares estimate of 3 is
becrs = (X'Q71X)" 1 X'O1y.

Under the assumption that €; is multivariate normal, it can be shown that
this bpcrs is an unbiased estimator (see Exercise 7.3).

Under normality, the hypothesis H : C3 = 0 against A : C3 # 0 (where
C is r x p dimensional with r < p) is rejected if

M—-r—m+p b’EGLSC’(CEC')—ICbEGLS
(M —1)r 1+ (M —1)-172

Fr,M—r—m+p,a

where E = (X'Q71X)"1, T? = My'G'(GQG')"'Gy and G : (m—p) xm is
such that GX = 0. Alternatively, if it is inconvenient to find a suitable G,
one could use 7% = Mg'[Q~! — Q1 X(X'Q~1X)~1X'Q~1]g. (This result
is obtained with the help of Lemma A.1, p. 279, of Appendix A).



Example 7.1

Exhibit 7.1 shows dental measurements for girls from 8 to 14 years old.
Each measurement is the distance, in millimeters, from the center of the
pituitary to the ptery-maxillary fissure. Suppose we wish to relate these
measurements to age and write our model as

Yts = Bo + B1T41 + €ts,

where z;; = age — 11. Then

1 1 1 1Y)
X = ( -3 -1 1 3 ) '
Clearly, for the same subject s the m = 4 measurements y; are not inde-

pendent and
cov(€s) = Q, where €; = (€15, ...,€45) .

However, we have M = 11 replications of the experiment.

Age Subjects

in Years 1 2 3 4 5 6 7 8 9 10 11

8 21.0|21.0({20.5|23.5(21.5{20.0(21.5|23.0|20.0|16.5| 24.5
10 20.0(21.5[24.0124.5|23.0/21.0(225|23.0(21.0|19.0| 25.0
12 21.5(24.0({24.5(25.0|22.5|21.0(23.0(23.5(22.0|19.0| 28.0
14 23.0[25.5(26.0[26.5(23.5(225|25.0|24.0|21.5|19.5|28.0

EXHIBIT 7.1: Data on Dental Measurements
SOURCE: Pothoff and Roy (1964). Reproduced from Biometrika with the per-
mission of Biometrika Trustees.



~

Since § = (21.2,22.2,23.1,24.1)', an estimate of €} is given by =
Sl (wi - 9)(yi — 9)'/10
4.51 3.36 4.43 4.36
3.36 3.62 4.02 4.08

433 4.03 5.59 547
436 4.08 547 5.94

Hence

A _ _ A1 22.70

Suppose we wish to test the hypothesis that the linear term is zero. That
is, H : 31 = 0 against A : 3; # 0. In this case, C = (0,1), r =1, p =2 and

3.807 0.160 )

E= (XX = ( ~0.160 0.160

and C EC’ = 0.045. The matrix
1 -1 -1 1
¢= ( -1 3 -3 1 )
is such that GX = 0. Therefore, T2 = 115'G'(GQG’) "Gy = 0.11 and

M-r—m+p b,EGLSC'(CEC’)_ICbEGLS
(M — )r 1+7T2/10

Therefore, at 1 and 8 degrees of freedom, we reject the hypothesis at a 5

per cent level. |

F = = 45.94.




