Probability Cheat Sheet

Distributions

Unifrom Distribution

notation U [a, b]
cdf Tl rz e la, b]
—a
pdf for = € [a,b]
—a
. 1
expectation 5 (a+0b)
1
variance — (b—a)?
12
etb _ eta
mgf —
t(b—a)

story: all intervals of the same length on the
distribution’s support are equally probable.

Gamma Distribution

notation Gamma (k, 0)
gk phk—1c—0z
df —1
P T (k) x>0

oo
T'(k)= / zFle™%dy
0

expectation k6

variance k6?2

1
mgf (1—06t)" fort < 2
ind. sum

n n
ZXi ~ Gamma <Z ki,0>
i=1 i=1
story: the sum of k independent
exponentially distributed random variables,
each of which has a mean of 6 (which is
equivalent to a rate parameter of 67 1).

Geometric Distribution

notation G (p)
cdf 1—-(1—pFforkeN
k—1
pmf 1-p) pfor k€ N
. 1
expectation -
p
. 1-p
variance 5
P t
pe
mgf —_—
& 1—(1—p)et

story: the number X of Bernoulli trials
needed to get one success. Memoryless.

Poisson Distribution

notation Poisson (\)
ki
cdf e -
=
My
pmf e e " forkeN

expectation A

variance A
exp ()\ (et — 1))

n n
ZXi ~ Poisson (Z >\i>
i=1 i=1

story: the probability of a number of events
occurring in a fixed period of time if these
events occur with a known average rate and

mgf

ind. sum

independently of the time since the last event.

Normal Distribution

notation N (u, 02)
pds 1l @-w?/(20?)
2mo?

expectation g

2

variance o

1
mgf exp (,ut + 5027&2)
ind. sum

n n n
Soxin (w3t
=1 i=1 i=1

story: describes data that cluster around the
mean.

Standard Normal Distribution

notation N (0,1)
1 x 2
cdf P(x :—/ e /24t
(@)= -7 .
1 2
af =% /2
P V2T
1
expectation —
A
. 1
variance —
A2
+2
mgf e —
g w0 (5)

story: normal distribution with = 0 and
o=1.

Exponential Distribution

notation exp (N)
cdf 1—e ™ forz >0
pdf Xe ™ for z >0
. 1
expectation -
A
. 1
variance =
2
: A
- 2
& At
k
ind. sum Z X; ~ Gamma (k, \)
i=1
minimum

k
~ exp <Z )\i>
i=1

story: the amount of time until some specific
event occurs, starting from now, being
memoryless.

Binomial Distribution

notation Bin(n,p)
k n . .
cdf S (pra-pm
i=0 ¢
puf (M)t =p
i

expectation np

variance np (1 —p)

mgf (1 prrpet)n

story: the discrete probability distribution of
the number of successes in a sequence of n
independent yes/no experiments, each of
which yields success with probability p.

Basics

Comulative Distribution Function
Fx (z) =P(X <)

Probability Density Function
Pe@= [ ix@a
/ b fx (t)dt=1

x (@) = = Fx (&)

Quantile Function

The function X* : [0,1] — R for which for any
p 0,1, Fx (X" (1)) <p < Fx (X" ()
Fy« = Fx

E(X*) =E(X)

Expectation
1
]E(X)z/o X*(p)dp
E(X)=[O Fx(t)dt+/ooo(lfo(t>)dt

E(X) :/00 cfxxdr

—o0

E(gc¥>>:l/f” g (@) fxade

E(aX +b) = aE(X) + b

Variance
Var (X) = E (X2) — (E (X))
Var (X) = E (X —E(X))?)

Var (aX +b) = a®Var (X)

Standard Deviation
o (X)=+/Var(X)

Covariance

Cov(X,Y) =E(XY) —E(X)E(Y)
Cov(X,Y)=E(X —E(x)) (Y —E(Y)))
Var (X +Y) = Var (X) + Var (Y) + 2Cov (X,Y)

Correlation Coefficient
_ Cov(X,Y)

PX,Y
0X,0y

Moment Generating Function
Mx (t) =E (etx>

E(X") =M (0)

MaX+b (t) = ethcLX (t)




Joint Distribution
Pxy (B) =P((X,Y) € B)
Fxy (z,y) =P(X <z,Y <vy)

Joint Density
= / fX’y (s,t) dsdt
B

T Y
Fxy (z,y) = / / Ix,v (s,t)dtds
—o0 J —o0

oo o0
/ / fxy (s, t)ydsdt =1

Marginal Distributions
PX (B) = nyy (B X R)
Py (B) ]ny(RXY)

Fx (a) / / fx,y (s, t) dtds

Fy (b) = fx,v (s,t)dsdt
.-

Px,y (B)

Marginal Densities
:/ fX’Y(S,t)dt
:/ Jx,v (s, t)ds

Joint Expectation

// (z,v) fx,v (z,y) dzdy

E (¢ (X,Y))

Independent r.v.

P(X <z, Y<y),P(X<x)[P(Y§y)
Fxy (z,y) = Fx (%) Fy (y)

fxy (s,t) = fX (S) fy ()
E(XY)=E(X)E(Y)

Var (X +Y) = Var (X) + Var (Y)
Independent events:
P(ANB)=P(A)P(B)

Conditional Probability
P(ANB)
P(B)
P(B| A)P(A)
P(B)

P(A|B) =

bayes P(A | B) =

Conditional Density

Ixy @y
Ix|y=y (2) = =)
Py () = PR NE S

Fxiy—y = / Ix|y=y (1) dt
Conditional Expectation

BOXCIY =y) = [ afiye, @de
E(E(X | V) =E(X)

P(Y =n)=E (ly—,) =E (E(ly—y, | X))

Sequences and Limits

limsup A, = {Ap i.0.} = ﬂ U Ap

m=1n=m

oo oo
liminf A, = {A,, eventually} = U ﬂ An
m=1n=m
liminf A, C limsup A,
(limsup Ap)® = lim inf A7,
(lim inf A, )¢ = limsup A,

P (limsup Ay,) = hm ]P’( U A >
P (liminf An) = lim P ( O An>

Borel-Cantelli Lemma
Z P(An) < oo = P(limsup An) =0

n=1

And if A, are independent:

oo

Z P(Ap) =00 = P(limsup A,) =
n=1

Convergence

Convergence in Probability

notation X, 2 x
meaning lim P(| X, —X|>e)=0
n—r o0

Convergence in Distribution

notation X, £> X
meaning lgn Fp (z) = F (x)
n oo

Almost Sure Convergence

notation X, LILIND ¢
meaning ]P’( lim X, = X) =1
n—oo

Criteria for a.s. Convergence
e VedNVn > N :P(|X, — X|<e)>1—¢

e VeP (limsup (| X, — X| >¢)) =0
oo

o Ve ) P(IXn—X|>e) < oo (by B.C)
n=1

Convergence in L,

Lp

notation X, — X
meaning lim E(|X, — X|?)=0
n— oo
Relationships
L L
- = =
¢>p=>1
I
a.s. P D
Rl = = =

If X, gcthean 2o

If X, P, X then there exists a subsequence
a.s.

ng s.t. Xp, — X

Laws of Large Numbers
If X; are i.i.d. r.v.,

weak law Xi,lﬁ)E(Xl)

strong law X, L3R (X1)

Central Limit Theorem
Sh Sn—np D,
Uf NQ©1

If t,, — t, then

PS5 ) e
(Rt sm) 20w

Inequalities

Markov’s inequality
p(1x| > < XD
Chebyshev’s inequality

Var (X)

P(X-E(X)[=¢) <

Chernoff’s inequality

Let X ~ Bin(n,p); then:

P(X —E(X) > to (X)) <e /2
Simpler result; for every X:

P(X >a) < Mx (t)e "

Jensen’s inequality

for ¢ a convex function, ¢ (E (X)) <E (¢

(X))

Miscellaneous

E(Y)<oo < » P(Y >n)<oo (Y >0)
n=0

[eo]
E(X)=)_ P(X>n)(XeN)

n=0
X ~U(0,1) <= —InX ~eap(1)
Convolution
Forind. X, Y, Z=X+Y:

oo

fz (z):/ Fx (5) fy (= — s)ds

Kolmogorov’s 0-1 Law
If A is in the tail o-algebra F*, then P (A) =
orP(A)=1

Ugly Stuff

cdf of Gamma distribution:

t ekzkflefﬁk
/ ———dx
0 (k—1)!
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